ArXiv: [0904. 05091 



Comments on Holography with Broken Lorentz 

Invariance 

Ivan Gordeli and Peter Koroteev 

University of Minnesota, School of Physics and Astronomy 
116 Church Street S.E. Minneapolis, MN 55455, USA 

gordeliOphysics .umn. edu, koroteev@physics.umn . edu 



Abstract 

Recently a family of solutions of Einstein equations in backgrounds 
with broken Lorentz invariance was found [l] . We show that the gravi- 
tational solution recently obtained by Kachru, Liu and Mulligan in [2] is 
a part of the former solution which was derived earlier in the framework 
of extra dimensional theories. We show how the energy-momentum and 
Einstein tensors are related and establish a correspondence between pa- 
rameters which govern Lorentz invariance violation. Then we demon- 
strate that scaling behavior of two point correlation functions of local 
operators in scalar field theory is reproduced correctly for two cases 
with critical values of scaling parameters. Therefore, we complete the 
dictionary of "tree-level" duality for all known solutions of the bulk 
theory. In the end we speculate on relations between RG flow of a 
boundary theory and asymptotic behavior of gravitational solutions in 
the bulk. 



1 Introduction 



It is an interesting question whether it is possible to construct a reasonable quantum field the- 
ory with broken Lorentz invariance. In high energy physics theories with broken Lorentz in- 
variance appear in different contexts such as ultra high energy cosmic rays [3] (one may count 
this application as a pioneering one in physics with broken Lorentz invariance), braneworld 
models [4]-[6||l], and others. The breaking of Lorentz invariance is manifested in changing of 
the dispersion relation. For instance, scalar perturbations in model upon proper choice 
of parameters obey the following dispersion relations at small momenta 



E'^ = + 0{p'^) , for the zero mode 
4 log 



= a + — — 2^ , for higher modes . (1.1) 



Here E is the energy, p is four-momentum, a and b are some constants, n is an integer 
representing the mode number, and k is the curvature scale. This model represents an 
example of a theory with broken Lorentz invariance and is formulated in the background 
with the following metric]^ 

ds^ = -e-^^'^'df + e-2«^^rfx2 + dz^ , (1.2) 

were t is time, x is a three dimensional spatial vector, z is the coordinate along the extra 
dimension, and ^ and ( are parameters which govern the Lorentz invariance violation. The 
above metric is invariant w.r.t. three dimensional translations and rotations. It can be shown 



by direct computation of Weyl tensor that the space (1.2) is conformally flat if and only if 
^ = (. A one-parametric family of static solutions with these symmetries was initially found 
in [l] . The geometry ( 1.2 ) appeared to be a solution of Einstein equations with an anisotropic 



perfect relativistic fluid as matter. The anisotropy coefficient in this fiuid is related to ^ and 
Cin(|r2|). 

Another example, the so-called Lifshitz model [s], which is employed in description of 
strongly correlated electrons, has the following dispersion relation 



E' = ap\ (1.3) 

where a is a parameter. This model admits the so-called dynamical scaling such that the 
time and the coordinates scale in different ways 

x^X'^x, t^Xt, 77^1. (1.4) 

In this note we discuss the relationship between recent work by Kachru, Liu and Mulligan 
[2] and two papers [l][7] . The former paper was motivated by theories with Lifshitz-like fixed 



points which have dispersion relations similar to (1.3). The authors elaborate on gravity dual 
description of the 2 + 1 dimensional Lifshitz-type model which obeys dynamical scaling (1.4). 
Its gravity dual is formulated in 3 + 1 dimensions and its background can be represented as 
a deformation of the four- dimensional anti de-Sitter space. In [TIIt] static braneworld models 



^Sign convention is changed compared to [ij. 
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with broken Lorentz invariance in the bulk are investigated in the background ( 1.2 ). The goal 
of the present work is to show that the solution constructed in l2] can be represented as a part 
of the one which was earlier obtained and investigated in (l|[7|. From this prospective, the 
paper by Kachru, Liu and Mulligan provides a field theoretical description of the gravitational 
solution yj. In this note we show that the two solutions indeed coincide and the papers 
mentioned above represent the same setup. 

The paper is organized as follows. In Sec.|2]we elaborate on the correspondence between 
the solutions of the two models. In Sec. |3] we derive bulk propagators for two critical cases 
corresponding to ^ = 1, ^ = and = 0, ^ = 1 in (1.2). We show that two point correlation 
functions calculated in scalar field theory obey the proper scaling behavior. Then in Sec. |4] 
we make a summary and discuss the infra red behavior of the solutions. 



2 Correspondence of the Solutions 

In this section we relate the solutions obtained in ||2|| with the ones from [l]. First, we briefly 
recall the two setups and then make a correspondence. 

Solution with perfect fluid. Let us briefly recall the main results of In the context 
of the KLM model we shall recast the solution of [I] for the four-dimensional bulk. In order 



to do that we take the metric (1.2) but with x being a two dimensional spatial vector. The 
bulk is filled with perfect anisotropic fluid with the following energy-momentum tensor 

To° = (1 + u;)puoM° -P4, 
TI = T2 = (1 + w)puiu^ - pi , 

T4 = (1 + Uj)pU4U^ - P4 , 

T° = (1 + cu)puV . (2.1) 

Here is a covariant velocity vector and w^ua = 1- The above formula needs to be 
completed by the equations of state 

Pi=wp, p4 = ujp, (2.2) 

where p is the pressure and p is the energy density. The ratio w/u plays a role of the 
anisotropy parameter in this fluid. For w = u the above tensor describes isotropic perfect 
fluid with the equation of state p = wp. There is also the cosmological constant term A 
present in the bulk. One can show that the bulk Einstein equation^ 

Gi=Ti + A6i (2.3) 



are satisfied in the background (1.2) with matter (2.1) provided that 

p = -A-3k\\ 



w = —1 + k 



2(e + 2C)(e-c) 



p 

2m -0 



uj = -l + k'^^ ^, (2.4) 

P 



^We use Plank units 
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and Ui = U4 = 0. We see that for the Lorentz invariant case = () only the bulk 
cosmological constant remains and w = u = —1 corresponding to the equation of state for the 
vacuum. This is indeed the RS2 model jo] with shifted cosmological constant A = A + 3A;^C^. 
Therefore anisotropy of the fluid controls the deviation from the configuration. 



Note that it is not hard to obtain solutions of the Einstein equations (2.3 ) in d dimensions 



p = -A - l(^d - l){d - 2)kW 
^_,^,.(i±(1^2)C)(i^ 



,(d-2)c(e-C) 



uj = -l + e^ ^^^^ ^. (2.5) 



We can see that in the solution (2.4) for the null energy condition c<j > — 1 and tt; > — 1 to 
be satisfiec^ one needs to put ^ > C- 

KLM Solution. The KLM solution has the following metric 

ds' = L' (-r'^dr' + r'dX' + ^] , (2.6) 



where Z controls the Lorentz invariance violation and L is the scale. The matter part of the 
action reads 

-^F(2) A *F(2) + F(3) A *F(3) - c j F(2) A 5(2) , (2.7) 

where e and c are coupling^ Field strengthes F(2) = dA(^i) and F(3) = dB(^2) have the 
following form 

Fi^2) = AOrAOt, F^s) = BOrAe^AOy, (2.8) 
where A and B are constants, 6r,6t,0x,(^y are related to dr,dt,dx,dy such that the metric 



(2.6) becomes of the form diag(— 1 , 1 , 1 , 1) in the ^-basis. The solution of the Einstein 



equations include 

A = - 



2L2 

A 



2 2Z{Z-l) 



L 



2 



,2 4(Z-1) 



B' = ^j^. (2.9) 



In order to avoid tachyonic solutions one needs to have Z > 1. 



"^See [1] for thorough description of NEC in braneworld scenarios. 
^The latter is topological and needs to be quantized 
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KL 


KLM 


Cosmological constant 


A = -p - 3A;2 


A = -L-2(z2 + Z + 4) 


First component 


w 


^ 2f-A - 


Second component 


OJ 


2(-A-3L-2) 


LIV parameter 


w — UJ 


A 


Anisotropy 


Pi -pi 


Energy flux 
w.r.t z direction 


Constraints 


Reality of Fluxes 


Null energy condition 



Table 1: The form A^i^ corresponds to the electric field along the z direction, while the B^2) field 
corresponds to the isotropic "magnetic" field in the x, y and z directions. The presence of the j4(i) 
field provides anisotropy in the bulk and serves as a parameter of the Lorentz invariance violation 
(LIV) . In [I] language the anisotropy is due to different pressures applied along the extra dimension 
and along the branelike directions. 



Correspondence between the solutions. First, we observe that the metric (2.6) coin 



cides with (1.2) up to the following identification rules 



t = Lt. 



LX 



-2kz 



^ = z, c = i 



(2.10) 



It means the models [T] and [2] are formulated in the same background. We can also see 
that the former is more generic since it allows for the configuration with vanishing <^ 

Since l.h.s. of the Einstein equations are the same in both models, we can now explicitly 
compare the energy-momenta tensors. Using formulae from the previous paragraph and 
energy momentum tensor from j2] we can summarize the correspondence between the models 
in Tab. [2] 



3 Two Point Correlation Functions 

In [2] a correspondence between the bulk classical action and local operators on the boundary 
was demonstrated for the Lifshitz theory (^ = 2, ^ = 1) in 2 + 1 dimensions. This section 
generalizes their consideration to other known solutions. In Fig. [T]the space of metrics with 
broken Lorentz invariance along the extra dimension is presented (see also (?]). The known 
models include 

• AdS model (1, 1) 

• Lifshitz model (2,1) 

• Dubovsky model (1,0) 

• Mirror Lifshitz model (1,2) 

^First the solution — (IjO) was investigated in p] 
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• KL model (mirror Dubovsky model) (0, 1). 



KL 




anti-KL 



Figure 1: Tlie parameter space of metrics. Backgrounds and their mirror duals with known bulk 
solutions are shown. Although mirror transformation does not make sence in dimensions different 
from two, on this figure we refer to it as formal interchanging of ^ and ( (See [To] for the details). 
Models obtained by reflection of and ^ are called anti-models. In this note we shall KL and 
Dubovsky models as critical ones since one of the scaling parameters vanish. 



Let us mention here that necessity of two scaling parameters ^ and ( instead of one 
critical exponent comes from the critical cases when one of the two parameters vanish. Also, 
the need of two parameters can be made manifest if one considers non-local observables, e.g. 



Wilson loops 10 



Let us now consider scalar field in the bulk 



S = d'^x^/g^A(, 



(3.1) 



We rewrite the metric tensor (1.2) in a different form which is more convenient for the 
calculations in this section 



-u-V + u-'<d^'' + 



du'' 



Euler-Lagrange equations for (3.1) read 



a - 26 - 1 



u 



)' + (EV(«-i)-pV(^-i))0 = o, 



(3.2) 



(3.3) 
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Near the boundary m = a solution takes the following form 



X, u) = u^+(j)+{t, x) + u^-(f)_{t, x) , (3.4) 

where A± are solutions of 

A(A-e-2C) = 0. (3.5) 

However, there is a special configuration of scaling parameters for which the above constraint 
needs to be modified. Indeed, if.^ = 0,C = lor^ = l,C = the above equation will have 
the following form 

A(A - 2) = E^ or A(A - 1) = -p^ . (3.6) 
Solutions of these equations are 

A± = l±Vl-E\ (3.7) 

for the KL model and 



A^ = l±yi + Ap\ (3.8) 

for the Dubovsky model. We see here that scaling dimension becomes energy(momenta)- 
dependent. One can now observe that in the above two critical cases scaling dimensions have 
similar form to those in Lifshitz theory [2] but in the massive case. It appears that an energy 
scale gets generated when we go from noncritical cases to critical cases we are discussing in 
this section. In what follows we shall derive boundary correlators for both KL and Dubovsky 



models and will see that they scale accordingly with (3.7|3.8). 



The KL model. The Green function is the solution of (3.3) with the following boundary 
condition 

G{E,p,e) = l, (3.9) 

where e is the cutoff. There is no necessity in the cutoff in noncritical cases when the mass 
of scalar field is zero. However, in the cases we discuss there is a nontrivial renormalization 
albeit the field is masslessj^ The normalizable solution of (3.3) with boundary condition 



(3.9) reads 



G{E,p,u) = --pp^, (3.10) 



where z/ = i/l — E"^. Near the boundary u = the Green function can be expanded as 
follows 

( / |p|m\ r(— z/) 



The boundary correlator in the momentum space is given by [2] 

{0{E, Y>)0{-E, -p)) = G{-E, -p, u)^g-^duG{E, p, n) |+°° . (3.12) 

^Appearance of this scale was mentioned in 7 where the spectrum of field fluctuations on the brane was 
investigated. 
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Due to finiteness of the Green function at infinity it acquires its only contribution at m = e. 
Ignoring divergent terms proportional to and keeping the leading term in e we obtaiiij^ 



Tiu) 



IP 



21/ 



(3.13) 



Then, taking into account (3.7) and performing three-dimensional Fourier transformation of 
the above correlator one halfT 



e'P^(O(E,p)C»(0,0))ci^p 



|2A 



(27r)3/2 J . . - . . . . - 

which properly reproduces the scaling behavior of the local operator O. 



(3.14) 



The Dubovsky model. Dubovsky model has the following Green function with the same 



boundary condition (3.9) 



G{E,p,u) 



u}i^J\Eu) 



(3.15) 



where u = ^ a/ 1 + 4^^ and ll^J\z) is the Hankel function of the first kind. It has the following 
expansion near the boundary 



GiE,p,u) 



■U2" 



e2" 



, ' Eu\ 7r(l + i cot(7rz/)) 



r(z/)r(z/ + i 

The two point correlator after absorbing the cutoff has the following form 
{0{E,p)0{-E,-p))^. 



(3.16) 



.^_,, 7r(l + 2cot(7rz/)) ^,, ^ 



r z/ r Z/ + 1 



(3.17) 



In the position space after one-dimensional Fourier transformation in the time direction one 
has accordingly 

^ ^e-^^'{O{E,p)O{0,0))dEr^^, (3.18) 



that is the scaling behavior is reproduced correctly, however, coordinate dependence is more 



complicated due to the nontrivial pref actor in (3.17) 



Note that both in (3.14) and (3.18) scaling behavior of boundary correlators derived from 



the bulk action matches scaling dimensions of scalar operators only in the sence described 
above, i.e. in the spatial directions for the KL model and in the time direction for the 
Dubovsky model. This happens due to distinguished asymptotic behavior of the bulk solution 



in these cases (3.6). 



^See 2 where some arguments about discarding divergent terms are presented. 
^We nave absorbed e^'^~'^ into the operators by field renormaUzation 
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4 Discussion 



We have shown that the models proposed in [T||7] and [2] have the same solution of Einstein 
equations by providing equivalence of matter fields in the bulk. Particularly, anisotropy 
caused by the introduction of a one-form flux in the KLM solution corresponds to different 
pressures along branelike and extra dimensional directions. 

In [2] the RG behavior of the theory living on the boundary is discussed for a particular 
choice of metric tensor corresponding to the Lifshitz model. Using standard holography de- 
scription one may argue that RG flow from UV to IR is related to the motion of a brane from 



z = +00 to z = —00 (in the notation of (1.2)). Then one can recast small perturbations of 



the boundary theory in terms of small perturbations of the metric. The numerical analysis 
performed in j2] shows that in IR the theory flows into conformal regime and its holographic 
dual background tends to the anti de-Sitter space. This is a natural and expected result, 
however, this analysis is yet incomplete since one needs to generalize it for extremal con- 
figurations ^ = or C = as well as studying the behavior near critical points in more 
detail. One can also think of the following gravitational interpretation of this phenomena. 



It appears that many solutions (see e.g. [Tj) in backgrounds of type (1.2) have matter distri- 
butions which are localized near the UV boundary. In these solutions the invariant energy 
density 



-g{z)p{z) -^0 as z ^ +00 (4.1) 
vanishes as we approach the IR boundary. The same behavior is observed for the other 



components of the energy-momentum tensor. Thus the r.h.s of the Einstein equations (2.3) 
becomes merely KS^ in the IR region. This implies that the metric asymptotes to a conformal 
form and the background becomes an AdS space at large z. This makes construction of 



gauge/gravity duality in the IR regime possible (see 10 where some calculations in the 
direction of the IR duality have been outlined). 

Probably the most intricate and intriguing issue of the problem in question is embedding 
of the toy-models discussed in this note into some supergravity construction and further into 
string theory. But has been done so far does not go beyond the "bottom-top" approach; 
here we only extended the dictionary. Thus in Sec. [3] we derived scaling behavior of the 
boundary correlators from the bulk action for two critical cases - KL model and Dubovsky 
model. Due to special behavior of bulk solution near the boundary scaling properties of the 
correlators are in the correspondence with scaling dimensions of the local operators only for 
space-like scaling in the KL model and time-like scaling in the Dubovsky model. Therefore, 
we have extended our knowledge of gauge/gravity correspondence in theories with broken 
Lorentz invariance to all known solutions in the bulk. Certainly, this is only a "tree-level" 
statement and in order to go beyond it one needs to know both string theory solution and 
its dual field theory on the boundary. This problem so far remains to be a challenge. 
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